In this papet, we present new results concerning the relationships between the input-output and Lyapunov stability of nonlinear system possessing a periodic orbit. Definition of small-signal finite-gain L, stability around periodic orbit is introduced. We show L, stability of exponentially stable periodic orbit using quadratic Lyapunov functions for the periodic orbit. The L2 gain analysis is presented with Hamiltonian-Jacobi ihequality along with an example.
Introduction
In this paper, we present new results concerning the relationships between the input-output and Lyapunov stability of nonlinear system possessing a periodic orbit. Both Lyapunov theory and input-output theory are well-developed for nonlinear system in [6, 8, 9 , 10, 14, 161. In Lyapunov stability it has been studied how Lyaplnov stability can be used to establish L, stability of nonliear systems around equilibrium point and the interrelationships between the two theories was presented [15] . We can expect the similar results on the stability of periodic orbits. Although there are many results on the stability of periodic orbit, most of them are concerning the stability of a periodic orbit in the state-space. On the other hand, the notion of input-output stability of periodic orbit is very useful. This is because we are often not able to get explicit solution of periodic orbit so that it is difficult to estimate the behaviour of orbit in the presence of external disturbances.
We have seen that many stability criteria regarding equilibirum point are easier to state and prove in the input-output stability than in the Lyapunov stability [6, 8, 9 , 10, 14, 161. However, many problems regarding periodic orbit stability are more naturally stated in the Lyapunov stability than in the input-output stability. In this context, if one could conclude input-output stability from Lyapunov stability, it would be possible to use the techniques and results from the theory to solve the problems of the other. Thus, we study This paper is organized as follows. We introduce local coordiantes, transverse dyanmics, and Converse Theorem in Section 2. In Section 3, L, stability around periodic orbit is defined and relationships between input-output and Lyapunov stability of periodic orbit is presented. In Section 4, Lz gain analysis is introduced and an example is shown to illustrate Lz gain analysis. Then conclusion follows.
Prelimifiaries
The set of all n-dimensional vectors x = (21 , . . , z~)~, where 2 1 , . . . , x n are real numbers, defines the n-dimensional Euclidean space defined by R". We shall consider the class of the p-norms, defined by The space Lp" for 1 _< p < CO is defined as the set of all
and the space L& is defined as the set of all piecewise continuous, uniformly bounded functions with the norm
Consider the smooth dynamical system
on R" and suppose that 7 C Rn is a periodic orbit of (1) with period T . . . ,n, be a set of functions that are independent and vanish on q, the p coordinate of x is given bY pi-' = $J~(z), i = 2,. . . ,n.
(3)
The following proposition shows that it is always possible to find such functions. 
and Q(0) is a continuous, periodic matrix. The following result is well known (see, e.g., [12] , [ l ] We are now ready to construct quadratic Lyapunov functions that prove the exponential stability of periodic orbit q. Roughly speaking, since the p coordinates are transverse to the periodic orbit at each point of r], the stability of the orbit is largely determined by the behavior of the p coordinates. This is seen more clearly by examining the system dynamics in the (e, p ) coordinates. 
Main Results
Consider the nonlinear system where e E R", U E R", y E R', f and the columns of g are smooth vector fields, and the elements of h are' smooth functions. We may think of x = ( e l , . ,z,) as local coordinates for a smooth state space manifold of dimension n. Let 11 be a periodic orbit of (10) for U = 0 and suppose that h vanishes on 11.
We consider the system (10) as a system whose input-output relationship is represented by y = H u where H is a mapping that specifies y in terms of U . With an extended space L," defined by
where ur is a truncation of U defined by the mapping H is defined as a mapping from an extended space LF to an extended space LL. A mapping H : L," + Lh is said to be causal if the value of the output ( H u ) ( t ) at any time t depends only on the values of the inputs up to time t . This is equivalent to ( H u ) r = (ffuT)T With the space of input and output signals defined as above, we can define input-output stability. 
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for e E B p ( q ) C U where q l z j ( e ) denotes the derivative of V along the trajectory of (12).
If we evaluate the derivative of V along the trajectory of ( l l ) , we get for 1 1~1 1~ . Furthermore, it is studied that we can compute the induced L2 gain for the nonlinear system [3] . In Section 3, we showed that given a nonlinear system which has an exponentially stable periodic orbit, the system is small-signal finite-gain L, stable around the periodic orbit for allp E [l, 00). However, there is nonlinear system which does not have an exponentially stable periodic orbit but has L2 gain around periodic orbit. In this section we will illustrate the argument with example.
Consider the nonlinear system where x E R", U E R", y E Rp, f and the columns of g Thus we could conclude that this system is small-signal finite-gain LZ stable and its Lz gain is less than 7 (y > 1).
Note that the condition of Proposition 3.1 are not satisfied by this example since the periodic orbit of the unforced system is not exponentially stable. This example shows that we could still calculate LZ gain using the Hamiltonian-Jacobi Inequality (22), although the system does not have exponentially stable periodic orbit.
Conclusion

